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ABSTRACT 
Let f0 be the greatest common divisor of the distinct lengths of the elementary 
cycles of the associated digraph D(A) for a reducible boolean matrix A (fO is called 
the generalized period of A). First we give a proof of the sharp bound for the indices 
of convergence of n x n reducible boolean matrices with the generalized period 
f,, 3 2. Then we characterize the matrices with the largest index. The proofs are 
carried out by means of directed graphs. 
1. INTRODUCTION 
A boolean matrix is a matrix over the binary boolean algebra P = (0, 11, 
where the Boolean addition and boolean multiplication in /3 are defined as 
a + b = max{a, b), ab = min{a, b) (we assume 0 < 1). 
Let B, be the set of n X n boolean matrices. Then B, forms a finite 
multiplicative semigroup of order 2”‘. Let A E B,. The sequence of powers 
A0 = I, A’, A’, . . . clearly forms a finite subsemigroup ( A) of B,, and then 
there exists a least nonnegative integer k = k(A) such that Ak = Ak+t for 
some t > 0, and there exists a least positive integer p = p(A) such that 
Ak = Ak+p. We call the integer k = k(A) the index of convergence of A, 
and the integer p = p(A) the period of convergence of A, or simply the 
“index” and “period” of A. 
For any A E B,, its associated digraph D(A) is defined to be the digraph 
with vertex set V = {l, 2, . . . , n} and arc set E = {(i, j) 1 aij # 0). Thus A 
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[viewed as a (0, 1) matrix] is just the adjacency matrix of D(A). For 
convenience we define the index and the period of a digraph D to be the 
index and the period of its adjacency boolean matrix A(D); thus we have 
k(D) = k( A( D)) and k(A) = k( D( A)), so the study of k(A) and p(A) for 
a boolean matrix A can now be turned into the study of k(D) and p(D) for 
a digraph D by using graph theoretic techniques. 
A boolean matrix A is reducible if there exists a permutation matrix P 
such that 
B 0 
PAPT = D c 
[ 1 
where B and C are square matrices. A is irreducible if it is not reducible. It 
is well known that A is irreducible if and only if its associated digraph D(A) 
is strongly connected. 
A boolean matrix A E B, is primitive if A is irreducible and p(A) = 1. 
It is well known that A is primitive if and only if Ak = J for some positive 
integer k (where J is the matrix of all l’s), and the least such k is called the 
primitive exponent of A, denoted by y( A). It is not difficult to verify that for 
a primitive matrix A, we have k(A) = y(A), so the concept of the index of a 
boolean matrix is in fact a generalization of the concept of the primitive 
exponent of a primitive matrix. 
For the primitive case, the sharp upper bound on y(A) due to Wielandt 
[2] is 
y(A) < (n - 1)2 + 1 =: w,,. (1.1) 
In [5], Liu proved an upper bound of the indices of convergence of irre- 
ducible boolean matrix A with n vertices and period p(A) > 2, 
k(A) < 
i 
i(n” - 4n + 8) if n is even, 
i(n” - 6n + 15) if n is odd, 
(1.2) 
and he characterized the equality of the upper bound. 
The upper bound problem for the class of n X n irreducible boolean 
matrices with given period p has been considered in [2-51. In contrast to the 
cases of primitive and irreducible matrices, where many interesting results 
about their indices have been obtained, very few results on indices of 
reducible matrices have been known until recently. One of the reasons is 
probably what Heap and Lynn said in [8]: “The case of reducible matrices is 
clearly much more complex than that of irreducible matrices.” 
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In this paper, let f0 be the greatest common divisor of the distinct 
lengths of the elementary cycles of the associated digraph D(A) for reducible 
boolean matrix A. We call f0 the generalized period of A, so the concept of 
the generalized period of a reducible matrix is in fact a generalization of the 
concept of the index of convergence of an irreducible boolean matrix. 
In [6], Shao established a Dulmage-Mendelsohn type upper bound for the 
indices of digraphs and deduced an upper bound for the indices of conver- 
gence of a reducible boolean matrix A (with generalized period f. > l), 
k(A) < (n - 2)’ + 2, ( 1.3) 
and he characterized the reducible matrices with the largest index. 
Based upon the results and methods used in [6], we obtain in this paper 
the following expressions for the upper bound of the indices of convergence 
of reducible boolean matrices with generalized period f. > 2 (n > 7): 
k(A) < 
i( n2 - 8n + 24) if n is even, 
i( np - fin + lfj) if II is odd, 
(I .4) 
and we characterize the reducible matrices with the largest index. 
2. PRELIMINARIES 
The notation and terminology used in this paper will basically follow those 
in [6, 71. For convenience, we will include here the necessary definitions and 
basic results in [6, 71 which will be used in this paper. 
DEFINITION 2.1. Let p be the period of the digraph D; let x, y E V(D). 
The local index of convergence from x to y, denoted by k(x, y>, is defined 
to be the least integer k such that there exists a walk of length m from x to 
r~ if and only if there exists a walk of length m + p from x to !I for all 
m > k. 
It is easy to verify that 
k(D) = max k(r, y). 
1. tjEV(I)) 
(2.1) 
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DEFINITION 2.2. Let Q be a path in the digraph D. Let L(D) be the set 
of the distinct lengths of the elementary circuits of D. We define 
fo =fdD) = gcdk+ E L(D)), (2.2) 
C(D) = {CiICi is a nontrivial strong component of D} , (2.3) 
sO = max(hi(hi = min(m( m E L(Ci), Ci E C(D))}, (24 
nO = max{nilni =IV(Ci)l,Ci E C(D)}, (2.5) 
C(Q) = {Ci E C(D)[Ci h as some vertex in common with Q) . (2.6) 
For C(Q) f 0, we define 
f(Q) = gcd(p(Ci)ICi E C(Q)}> (2.7) 
where p(C,) is the period of Ci. We assume that f(Q) = 1 if C(Q) = 0. 
3. SOME SPECIAL UPPER BOUNDS FOR k(D) 
In this section we will quote and prove five lemmas about special upper 
bounds for k( 0). 
LEMMA 1. Let D be the associated digraph D(A) of a boolean matrix A 
which has at least a nontrivial strong component. Then 
(3.1) 
where s,,, n,,, fO were de$ned in Definition 2.2. 
’ Proof. See Theorem 2 in [6]. 
LEMMA 2. Let D be the associated digraph of an n X n reducible 
boolean matrix. Zf L( D> = {n - a) (1 < a < 4) and n > 7, then 
k(D) < i(n” - 8n + 24). (3.2) 
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Proof. It is clear that sa = n - a, fa = n - a, n, < n - 1. Then by 
Lemma 1 we have 
k(D) .n+(n-.)(G-2) 
=2a-1 
< $(n” - 8n + 24). w 
LEMMA 3. Let D be the associated digraph of an n X n reducible 
boolean matrix which has a unique nontrivial strong component (say D,) of 
order n - k, and k (> 1) loopless vertices. Let x, y E V(D) with k(x, y) = 
k(D). 
Zff&D> z 2, then 
k(D) < k( D,) + k, (3.3) 
with equality if and only if there exists one path Q E P(r, y ) from x to y in 
D and one ordered pair of vertices x1, yI of Q in D, such that 
lb@,) + l( Y,QY) = k 
and k(x,, yl) = k(D,). 
Proof. It is easy to see that p(D,) = f,(D). Let P(x, y) be the set of 
paths from x to y in the digraph D. 
We consider the following three cases: 
Case 1: P(x, y) = 0. Then k(x, y) < 1 (by Theorem A in [7]) and so 
k(D) = k(x, y) =$ 1 < k( D,) + k. 
Case 2: Hx, y) + 0, and x, y E V(D,). Then 
k(D) = k( x, y) < k( D,) < k( D,) + k. 
Case 3: P(x, y) # 0, and {x, y} p V(D,). Let Q E P(x, y), and let 
xi and yi be the first and the last vertex of Q in D,, respectively (see Figure 
1). On the other hand, let Q’ = xQxi and Q” = yiQy be the two subpaths of 
Q from x to x1 and from y, to y, respectively. Then for any positive integer 
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m > Z(Q’> + k(x,, yl> + Z(Q”X th ere exists a walk (say W) from x1 to y 1 in 
D, with length Z(W) = m - [ Z( Q’) + Z( Q”)] if and only if there exists a walk 
of length m - [Z(Q’) + Z(Q”>] + p( D,) from x1 to y 1. Hence there exists a 
walk (say W’) from x to y in D with W’ = Q’ + W + Q” and Z(W”) = 
Z(Q’> + Z(W) + Z(Q”> = m. Then we have 
k(D) = k(x, y) G z(Q') + k(x,, ~1) + z(Q”) 
< k( D,) + IV( D)l - IV( &)I 
= k( D,) + k. 
The above inequality implies the equality case k(D) = k( D,) + k if and only 
if k(x,, yl> = k(D,J and Z(Q’) + Z(Q”) = k. 
This completes the proof of Lemma 3. n 
LEMMA 4. Let D be the associated digraph of an irreducible matrix A of 
order n with p(A) > 2. Then we have 
k(D) < 
i( n2 - 4n + 8) ifn is even, 
i( n2 - 6n + 15) ifn is odd. 
(3.4) 
Zf n is even, then k(D) = i(n” - 4n + 8) if and only if D z D,, and if n is 
odd, then k(D) = i<n2 - 6n + 15) if and only if D E D’ E {D,, D,, D4}, 
where D,, D,, D,, and D4 are the digraphs in Figure 2. 
Proof. By Theorem 3.1 in [4] we have 
k(D)<n+s 
where s is the smallest number of L(D), and p = p( 0). 
CONVERGENCE OF REDUCIBLE BOOLEAN MATRICES :3fi 1 
DI Pz D3 D4 
Frc. 2. 
Cusel: ,s=n. Then p = n and k(D) < 1. 
Case 2: s = n - 1. Then by p(n) > 2 (D is not primitive) we have 
p = n - 1 and k(D) < 2. 
Case 3: sgn-2. 
(1) If n is an even number, then 
k(D) <n 
(2) If n is an odd number, then 
(2.1) s < n - 3. Then 
k(D)<n+(n-3) (q-2] =+(n”-Cirl+15). 
(2.2) s = ri - 2. It follows from ~1,’ = II - 2 that p > 3 and 
we obtain 
k(D)<n+(n-2) 
= +( n7 - 5n + 12) < +( .A - fin + 15). 
Sufficiency: If D E Di (i = 1. + 3 3,4), then there exists a permutation 
matrix Q such that 
QA( D)Q’ = A(V) (i = 1,2,3,4). 
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so k(D) = k(A(D)) = k(A(D,)) = k(Di) (i = 1,2,3,4). Thus the suffi- 
ciency is proved. 
Necessity: 
Case 1: n is an even number. Then the above proof implies two 
results: s = n - 2 and p = 2. Then by Theorem 7.3 of [3] we know there 
exists a unique strongly connected digraph D, (see Figure 2) such that 
k(D,) = +(n” - 4n + 8). 
And we can easily prove that 
i( n2 - 4n + 8) = k( n - 1, n) > k( x, y) (x Zn - lor y #n) 
Case 2: n is an odd number. It is not difficult to see that s = n - 3 
and p = 2. Then by Theorem 7.3 of [3] we know there exist only three 
strongly connected digraphs (say D,, D,, D4) such that 
k( Di) = i(n” - 6n + 15) (i = 2,3,4). 
We also easily prove that 
i(n” - 6n + 15) = k(n - 3, n - 1) > k( x, y) 
(x#n-3ory#n-1). 
Thus the necessity is proved. 
The lemma is proved. 
LEMMA 5. Let D be strongly connected digraph of order n, and let s be 
the smallest of the set of distinct lengths of the elementa y circuits of D. If n is 
an odd number, 
s<n-4 and p(D)>Z. 
Then we have (n > 7) 
k(D) < i(n” - 6n + 15). 
CONVERGENCE OF REDUCIBLE BOOLEAN MATRICES 
Proof. By Theorem 3.1 of [4] we have 
= f(n” - 7n + 20) 
< +(n” - 6n + 15). 
The lemma is proved. 
4. THE UPPER BOUND 
363 
In this section we will use the above five lemmas to study the index of 
convergence k(D) of the associated digraph D = D(A) of the reducible 
matrix A with generalized period f0 > 2. 
THEOREM 1. Let D be a digraph of order n which is not strongly 
connected. Zf n ( > 8) is an even number and fO( D) 2 2, then 
k(D) < $(n” - 8n + 24). (4.1) 
Proof. Case 1: s0 f n - 5. 
(1) no =n-1. Then there exists a strong component D, in D such that 
p( Di> = f,< D) > 2. By Lemma 5 (n - 1 > 7) we have 
k(Di) < +[(a - 1)’ - 6(n - 1) + 151 
= i(n” - 8n + 22). 
Using Lemma 3, we get 
k(D) <k(Di) + 1 < i(n” -8n +24). 
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(2) n, < n - 2. By Lemma 1 we have 
< $(n’ - 8n + 24). 
Case 2: sO = n - 1. Then L(D) = {n - 1); by Lemma 2 we have 
k(D) < +I’ - 8n + 24). 
Case 3: sO = n - 2. 
(1) no =n-1. It follows from fo( D) > 2 that L(D) = (n - 2); by 
Lemma 2 we have 
(2) no = 
(2.1) 
(2.2) 
k(D) < +(a” - 8n + 24). 
n - 2. Then L(D) = (n - 2} or {n - 2,2}. 
L(D) = {n - 2). By Lemma 2 we have 
k(D) < i(n” - 8n + 24). 
L(D) = {n - 2,2}. Then f. = 2. Let x, y E V(D) with k(x, y> 
= k(D). Let Q b e a path from x to y. There exist two strong 
components (say D,, D,) in D. By the condition sa = no = n - 2, 
we find that every component Di (i = 1,2> has a unique length of 
the elementary circuit. Then if x, y E V( Di> (i = 1,2), by Lemma 
2 we have 
k(D) < $(n” - 8n + 24). 
If x E V( Dl>, y E V( D,), by Theorems A, B in [7] we have 
k(x,y)<max n+s(Q) 
i (7% -zi) 
<max(n+2(?-2)) 
< i(n” - 8n + 24), 
where s(Q) is the smallest number in the set L(D). 
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Case 4: s0 = n - 3. 
(1) n, =n-1. Then L( 0) = {n - 3) or {n - 3, n - 1). 
(1.1) L(D) = (n - 3). By Lemma 2 we have 
3fis 
k(D) < i( n2 - 8n + 24). 
(1.2) L(D) = {n - 3, n - l}. It is clear that n - 3, n - 1 are odd, so 
f. = gcd(n - 3, n - 1) > 3, and bv Lemma I we have 
k(D) <n + (n - 3) (q-2) 
< i(n’ - 8n + 24). 
(2) n,, =n-2. Since f. 2 2. and n - 3 is odd, we obtain n - 2,2 @ 
L(D). Thus L(D) = {n - 3). By Lemma 2 we have 
k(D) < i(n’ - 8n + 24). 
(3) 120 = rl - 3. Then L(D) = { 11 - 3) or (n - 3,3} (because .f(, >, 2). 
(3.1) L(D) = {n - 3). By Lemma 2 we have 
k( 0) < +( n2 - 8rl + 24). 
(3.2) L(D) = {n - 3,3}. Then f. = 3. By Lemma 1 we have 
k(D) <VI + (n - 3) (G-21 
= $(n” - 9n + 27) 
< +(n” - 8n + 24). 
Case 5: s,, = n - 4. 
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(1) no < n - 3. By Lemma 1 we have (n > 8) 
= +(n2 - 9n + 28) 
< t(n” - 8n + 24). 
(2) no =n-2. Then L(D) E {{n - 4,2}, {n - 4, n - 2}, {n - 4, n - 
2,2}} and f. = 2. Let x, y E V(D) with k(x, y> = k(D), and let D, be 
a strong component of order n - 2 in D. 
(2.1) L(D) = {n - 4,2) or {n - 4, n - 2,2}. 
(a) If x, y E V( Dl>. Then by Lemma 4 we have 
k(D) = k( x, y) < k( 01) 
< i[(c - 2)2 - 4(n - 2) + S] 
= i(n” - 8n + 20) 
< i(n” - 8n + 24). 
(b) If Ix, y} s V(D,), Q is a path x to y. Then we have the 
following two cases: 
(b.1) C(Q) = 0. Then by Corollary 2.1 and Theorem A in [7] 
we have k(x, y) < n < i(n2 - 8n + 24). 
(b.2) C(Q) # 0. Then by Theorem A and Corollary 2.1 in [7] 
we have k(x, y) B max(n + S(QXn,/“(Q) - 211, where 
s(Q) is the smallest number in L( 0). It is easy to see that 
s(Q) = f( Q) = 2. Then we have 
k(x,y)<n+Z(y-2) 
< f(n” - 8n + 24). 
(2.2) L( D> = {n - 4, n - 2}. 
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(a) x, y E VCD,). Then by Lemma 4 we have 
k( 0) = k( x, y) 
G k( 4) 
<f (n-2)” [ - 4( n - 2) + 81 
= i( n2 - 8n + 20) 
< +(n” - 8n + 24). 
(b) There exists at least one vertex which doesn’t belong to V( 0,). 
Then by Lemma 3 we have 
k(D) <k(D,) + 2 
< $(n’ - 8n + 24). (4.2) 
(3) no =n-1. BY the condition fO > 2, we can find 
L(D) E ({n - 4},(n - 4,n - 2},{n - 4,n - 1)). 
(3.1) L(D) = {n - 4). By Lemma 2 we have 
k(D) < $(n” - 8n + 24). 
(3.2) L(D) = {n - 4, n - l}. It is clear that f. > 3, and by Lemma 1 
we have 
k(D) =G n +(n-?I(?--2) 
= i(n” - 8n + 24) 
< $(n” - 8n + 24). 
(3.3) L(D) = {n - 4,n - 2}. Then there exist a strong component D, 
of order n - 1 and one loopless vertex in D. Let X, y E V(D) 
with k( X, y) = k(D). 
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(a) x, y E V(D,). By Lemma 4 we have (n - 1 is odd) 
Q +[(n - 1)’ - 6(n - 1) + 15] 
= $(n” - 8n + 22) 
< +(n” - 8n + 24). 
(b) x P VW,), y E VW,) OTX E V(D,), y @ V(D,). Then by 
Lemma 3 we have 
k(D) = qx, y) < k(D,) + 1 
< i(n” - 8n + 24). (4.3) 
The theorem is proved. n 
THEOREM 2. Let D be a digraph of order n which is not strongly 
connected. Zf n ( 2 7) is an odd number, and fO( D) > 2, then 
k(D) < $(n” - 6n + 15). (4.4) 
Proof. Case 1: s0 < n - 4. Then by Lemma 1 we have 
k(D) <n + (n - 4) (Y-2) 
= +(n” - 7n + 20) 
< $(n” - 6n + 15). 
Case 2: s0 = n - 1. Then L(D) = {n - l}, and by Lemma 2 we have 
k(D) < $(n’ - 8n + 24) 
< i(n” - 6n + 15). 
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Case 3: s,, = n - 2. Since n is odd and f,, > 2, so 2, n - 1 E L(D), then 
L(D) = (n - 2}. By Lemma 1 we have (f. = n - 2, n - 2 < n, i n - 1) 
k(D) <n+(n--2) (S-2) 
= 3 < +( n2 - 6n - 15). 
Case 4: so = n - 3. 
(1) n - 3 < no < n - 2. By Lemma 1 we have 
k(D) <n+(n-3)(9-2) 
=i(n”-7n+l8) 
< +(n” - 671 + 15). 
(2) n, = n - 1. Then L(D) = {n - 3} or {n - 3, n - 1). 
(2.1) L(D) = {n - 3). By Lemma 2 we have 
k(D) < i( n2 - 8n + 24) 
< $(n’ - 6n + 15). 
(2.2) L(D) = {n - 3, n - 1). Let D, be a strong component of order 
n - 1 in D, and let x, y E V(D) with k(x, y) = k(D). 
(a) x, y E V(D,). By Lemma 4 we have 
k(D) = k(x> y) Q kc*,) 
< i[(n - 1)’ - 4(n - 1) + 81 
= i(n2 - 6n + 13) 
< +(n2 - Fin + 15). 
(b) x E ND,), y E V( Dl) or x E V( D,), y P V( D,). Then by 
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Lemma 3 we have 
k(D) = k( x, y) ,< k(D,) + 1 < +(n” - 6n + 13) + 1 
Q +(n” - 6n + 15). (4.5) 
The theorem is proved. n 
5. CHARACTERIZATION OF REDUCIBLE BOOLEAN MATRICES 
WITH LARGEST INDICES OF CONVERGENCE 
In this section we apply the proofs of theorems 1, 2 and Lemmas 3, 4 to 
show the structure of reducible boolean matrices with largest indices of 
convergence in the case f0 > 2. For simplicity, we shall state and prove the 
results in terms of digraphs. 
Let M(D) = {DID is a digraph of order n > 7 which is not strongly 
connected}, and 
THEOREM 3. Let D E M,(D). Then (n is even) 
k(D) = i(n” - 8n + 24) 
if and only if there exists a digraph H of order n such that D = H, where H is 
one of the nine digraphs in Figure 3. 
Proof. Necessity: By the process of the proof of Theorem 1 we have: 
(1) The case of equality can occur only in (4.2) and (4.3), and 
k(D) = i(n” - 8n + 24) 
implies L( D> = {n - 4, n - 2}, no = n - 2 or n - 1. 
(2) On other hand, we always have 
k(D) < i(n” - 8n + 24). 
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Case 1: n,=n-2. By Lemma 4, there exists a unique strongly 
connected digraph D, of order n - 2 with period p( D,) = 2 and 
k(D,) = +[(n - 2)” - 4(n - 2) + 81 
= i(n’ - 8n + 20). 
From the process of the proof of Lemma 4 we can see that there exists a 
unique ordered pair of vertices x, y E V( D,) such that 
k(r, y) = f(n” - 8n + 20). 
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Using Lemma 3, we have 
k(D) = $(n” - 8n + 24) 
if and only if D E H, where H is one of the three digraphs H,, H,, H,. 
Case 2: no = n - 1. Then n - 1 is odd. By Lemma 4, there are three 
strongly connected digraphs (in the case of isomorphism) of order n - 1 with 
period p = 2, and the index of convergence is 
i[(n - 1)” - 6(n - 1) + 151 = $(n’ - 8n + 22). 
From the process of the proof of Lemma 4 we can see that there exists a 
unique ordered pair of vertices x, y (for one of the three digraphs) such that 
k(x, y) = i(n” - 8n + 22). 
At last, using Lemma 3, we have 
k(D) = i(n” - 8n + 24) 
if and only if D g H, where H is one of the six digraphs H,, H,, H6, H,, 
H,, H,. 
Thus the necessity is proved. 
Sufficiency: If D z H, where H E (Hi 1 i = 1,2, . . . ,9}, then there exists 
a permutation matrix Q such that 
QA(D)Qr =A(H). 
Hence 
k(D) = k( A( D)) = k( A( H)) = k(H) = i(n” - 8n + 24). 
Thus the sufficiency is proved. 
The proof of Theorem 3 is completed. 
THEOREM 4. Let D E M,(D). Then (n is odd) 
k(D) = i(n” - 6n + 15) 
if and only if there exists a digraph H of order n such that D z H, where H is 
one of the digraphs H,,, H,, (see Figure 4). 
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Proof. Necessity: 
(1) By the process of the proof of Theorem 2 we have: 
(1.1) The case of equality can occur only in (4.51, and 
k( 0) = ;( n2 - 6n + 15) 
implies L(D) = {n - 3, n - 11, n, = 12 - 1. 
(1.2) Otherwise, we always get 
k( II) < $( n2 - 6n + 15). 
(2) By Lemma 4, there exists a unique strongly connected digraph II, of 
order n - 1 with period p( D, > = 2, and 
k(D,) = +[(n - 1)’ - 4(n - 1) + 81 
= $(n” - 6n + 13). 
(3) From the process of the proof of Lemma 4 we can see that there is a 
unique ordered pair of vertices x, y E V(D,) with k(x, y> = i(n” - 6n 
+ 13) 
(4) At last, by Lemma 3 we have 
k( 0) = i( n2 - 6n + 15) 
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if and only if D z H, where H is one of the two digraphs H,,, H,, (see 
Figure 4). 
thus the necessity is proved. 
Sufficiency: If D z H, H E {Hi 1 i = 10, ll}, then there exists a permuta- 
tion matrix Q such that 
Hence 
QA( D)Q’ = A(H). 
k(D) =k(A(D)) =k(A(H)) =k(H) 
= +(n” - 8n + 24). 
Thus the sufficiency is proved. 
The proof of Theorem 4 is completed. n 
The author would like to thank Professor Jia-yu Shao for his important 
suggestions and comments on the initial version of this paper. 
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